
Math 270 Day 7 Part 2

Chapter 3:  Applications of Linear Differential Equations

Section 3.2:  Compartmental Analysis



What we’ll go over in this section

• What is Compartmental Analysis?

• Mixing Problems
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• Population Models

• Radioactive Decay



What is Compartmental Analysis?
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• Many applications of differential equations involve something going in and coming out of a container

• They call the container a compartment

• Sometimes there is more than 1 compartment

• The differential equation that models a one-compartment problem is…

𝑑𝑥

𝑑𝑡
= 𝑖𝑛𝑝𝑢𝑡 𝑟𝑎𝑡𝑒 − 𝑜𝑢𝑡𝑝𝑢𝑡 𝑟𝑎𝑡𝑒 discuss

• All problems in this section are one-compartment problems



Mixing Problems

𝑡 = time

𝑥 𝑡 = amount of substance in a tank at time 𝑡

DE:     
𝑑𝑥

𝑑𝑡
= rate in  - rate out
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Mixing Problems
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Mixing Problems
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Population Models:   Malthusian/Exponential Law for Population Growth

𝑡 = time

𝑝 𝑡 = population at time 𝑡

Assumptions: 

1) Unlimited resources (food, land, etc.)

2) Death only due to natural causes

3) Birth rate and death rate proportional to the current population

Malthusian/Exponential Law for Population Growth

IVP:     
𝑑𝑝

𝑑𝑡
= kp ,  𝑝 0 = 𝑝0 ,  where  k  is a constant     (discuss)
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Population Models:   Malthusian/Exponential Law for Population Growth

Solve the Malthusian/Exponential Law for Population Growth

IVP:     
𝑑𝑝

𝑑𝑡
= kp ,  𝑝 0 = 𝑝0 ,  where  k  is a constant

Solution:   𝑝 𝑡 = 𝑝0𝑒
𝑘𝑡
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Population Models
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Population Models:  Logistic Model

𝑡 = time

𝑝 𝑡 = population at time 𝑡

Assumptions: 

1) Unlimited resources (food, land, etc.)

2) Deaths natural causes and premature deaths from malnutrition, inadequate medical supplies, communicable 

diseases, violent crimes, etc.

3) Birth rate and death rate proportional to the current population

4) Death rate from natural causes proportional to the current population

5) Death rate from other causes of death proportional to number of 2-party interactions  
𝑝(𝑝−1)

2

Logistic Model for Population Growth

IVP:     
𝑑𝑝

𝑑𝑡
= −Ap(p − p1) ,  𝑝 0 = 𝑝0 ,  where  A  and  𝑝1 are constants     (discuss)
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Population Models:  Logistic Model

Solve the Logistic Model for Population Growth

IVP:     
𝑑𝑝

𝑑𝑡
= −Ap(p − p1) ,  𝑝 0 = 𝑝0 ,  where  A  and  𝑝1 are constants

Solution:   𝑝 𝑡 =
𝑝0𝑝1

𝑝0+ 𝑝1−𝑝0 𝑒−𝐴𝑝1𝑡
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Population Models:  Logistic Model

Solution:   𝑝 𝑡 =
𝑝0𝑝1

𝑝0+ 𝑝1−𝑝0 𝑒−𝐴𝑝1𝑡
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Population Models:  Logistic Model
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Radioactive Decay

𝑡 = time

𝑥 𝑡 = amount (mass or weight) of radioactive material remaining at time 𝑡

IVP:     
𝑑𝑝

𝑑𝑡
= kp ,  𝑝 0 = 𝑝0 ,  where  k  is a constant     (discuss)

Solution:   𝑝 𝑡 = 𝑝0𝑒
𝑘𝑡



Radioactive Decay

Ex 5: A radioactive substance has a half-life of 7 years. If initially there are 300g of a radioactive substance,… 

a) Find a formula for the amount of the radioactive substance remaining after  t   years

b) How much of the radioactive substance will remain after 12 years?

c) When will only 10g of the radioactive substance remain?
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